The coupling of a qubit to a macroscopic reservoir plays a fundamental role in understanding the complex transition from the quantum to the classical world. Considering a harmonic environment, we use both intuitive arguments and numerical many-body quantum tomography to study the structure of the complete wavefunction arising in the strong-coupling regime, reached for intense qubit-environment interaction. The resulting strongly-correlated many-body ground state is built from quantum superpositions of adiabatic (polaron-like) and non-adiabatic (antipolaron-like) contributions from the bath of quantum oscillators. The emerging Schrödinger cat environmental wavefunctions can be described quantitatively via simple variational coherent states. In contrast to qubit-environment entanglement, we show that non-classicality and entanglement among the modes in the reservoir are crucial for the stabilization of qubit superpositions in regimes where standard theories predict an effectively classical spin.
The study of dissipative quantum phenomena, namely the interaction of a quantum object (a qubit) with an infinite number of environmental degrees of freedom, lies at the frontier of modern science and technology, with deep implications for fundamental quantum physics 1 , quantum computing 2 , and even biology 3, 4 . While quantum information stored in the qubit subsystem is lost during the coupling with the unobserved degrees of freedom in the reservoir, it is in principle preserved in the entangled many-body state of the global system. The precise nature of this complete wavefunction has received little attention, especially regarding the entanglement generated among the reservoir states. Our purpose here is to unveil a simple emerging structure of the wavefunctions in open quantum systems, using a complementary combination of numerical many-body quantum tomography and a novel analytical variational theory.
An archetype for quantitatively exploring the quantum dissipation problem [5] [6] [7] is to start with the simplest quantum object, a two-level system describing a generic quantum bit embodied by spin states {| ↑ , | ↓ }, and to couple it to an environment consisting of an infinite collection of quantum oscillators a † k (with continuous quantum number k and energy ω k ). Quantum superposition of the two qubit states is achieved through a splitting ∆ acting on the transverse spin component, while dissipation (energy exchange with the bosonic environment) and decoherence are provided by a longitudinal interaction term g k with each displacement field in the bath. This leads to the Hamiltonian of the celebrated continuum spin-boson model (SBM) 5, 6 :
where we set = 1, and the sums can be considered as integrals by introducing the spectral function of the environment, J(ω) ≡ k g
The possibility of maintaining robust spin superpositions in the ground and steady states of the SBM has attracted considerable attention, primarily due to its implications for quantum computing 9, 10 . Previous numerical approaches have hitherto mainly focused on observables related to the qubit degrees of freedom [11] [12] [13] [14] [15] [16] [17] [18] , whilst a description of the global system-environment wavefunction has been confined to simpler variational studies [19] [20] [21] [22] [23] . This variational theory readily predicts the formation of semiclassical polaron states, which involve the adiabatic response of the environmental modes to the spin tunneling. Strong entanglement between the qubit and the bath is generated in this process. We shall demonstrate here that the many-body ground state of Hamiltonian (1) contains additional non-classical correlations among the environmental oscillator modes arising from their nonadiabatic response to the spin-flip processes. These new non-classical contributions to the wavefunction are key for the actual stabilization of qubit superpositions relative to the semiclassical picture, and naturally emerge from a variational framework beyond the adiabatic polaron approximation.
In order to enlighten the nature of these emergent non-classical environmental states, we first analyse the SBM by performing the (unitary) polaron transformation H = U HU † , where U = exp{−σ z k which removes the linear interaction term in Eq. (1). This transforms the Hamiltonian to a basis in which oscillator wavefunctions are displaced according to the z-axis projection of the spin:
where E R = k g 2 k /(4ω k ) is the reorganisation energy of the bath. For ∆ = 0, the ground state of H is doubly degenerate, and is given by the product of the bosonic vacuum and the spin states, | Ψ ↑,0 = | ↑ ⊗ |0 and | Ψ ↓,0 = | ↓ ⊗ |0 , in the transformed basis (denoted by tildes). It thus corresponds to polaronic wavefunctions in the original frame, where the positive/negative sign of the displacement is fully correlated to the spin projection (adiabatic response): |Ψ ↑,g k /2ω k = | ↑ ⊗ | + g k /2ω k and |Ψ ↓,−g k /2ω k = | ↓ ⊗ | − g k /2ω k . The two-fold degenerate ground state thus takes the form of a product of semiclassical coherent states (displaced oscillators) | ± f k ≡ e ± k f k (a † k −a k ) |0 , with displacements f k = ±g k /2ω k which shift each oscillator to the minimum of its static spin-dependent potential. This potential is evident in Eq. (1) for ∆ = 0 and is shown explicitly in Fig. 1A . In the presence of spin tunneling (∆ = 0), one needs to understand the effect of the operators
(2) which correlate spin flip processes with simultaneous displacements of all oscillator states. As we now show, these correlations ultimately control the ground state qubit superposition.
Polarons, antipolarons, and ground state ansatz. The optimum oscillator displacements result from a competition between the two terms appearing in Hamiltonian (2), namely spin tunneling ∆ versus oscillator kinetic energy. Within the transformed frame, consider the coupling induced by the tunneling operator K ± between one of the doubly degenerate states, say | Ψ ↓,0 = | ↓ ⊗ |0 , and a spin-flipped state with arbitrary displacement function
is the displacement in the original frame). The matrix element for this is
The elastic displacement energy of oscillator
The polaron transformed Hamiltonian reveals the inherent competition between the (elastic) energetic cost of mixing displaced oscillators into the ground state, favouring f k = 0, and the exponential suppression of the spin kinetic energy, given by the reduced tunneling matrix element in Eq. (3), which rather favours f k = −g k /ω k . For high-frequency modes, the elastic energy cost dominates and tunneling between spin states is governed by environment states with f k = 0, gaining only a small (renormalized) tunneling energy ∆ R = ∆e
∆ for strong qubit-environment interaction. In the original frame, the corresponding displacement is f k = +g k /2ω k , which implies that these 'fast' oscillators instantaneously (adiabatically) tunnel with the spin between the minima of their elastic potentials -see Fig. 1 . In the opposite limit of low-frequency modes (ω k ∆ R ), the elastic energy barrier is weak; mixing between spin states is instead governed by the matrix element (3). Returning to the original frame, one gets an energy gain of the bare tunneling energy ∆ when f k = −g k /2ω k . As shown in Fig. 1C , this corresponds to spin tunneling with non-adiabatic response of the oscillators, which are displaced in the opposite direction from the adiabatic modes. We naturally dub these contributions to the wavefunction antipolaron states. At intermediate frequencies, we expect that both polaronic and antipolaronic responses occur, leading to a two-polaron ansatz for the ground state (in the original frame):
with p the relative weight of the polaron and antipolaron components. Note that this ansatz fully respects the symmetries of the Hamiltonian. This state reduces to standard (adiabatic) polaron theory when p = 0 and f pol. k = g k /2ω k , and to the variational polaron state of Silbey and Harris (SH) 19, 20 when p = 0 and the function f pol. k is varied to minimise the total ground state energy E = GS 2pol. |H|GS 2pol. . As we shall compare our ansatz (4) to these simpler theories, a brief description of them is given in the Supplementary Information. For p = 0, the environment wave function for each spin projection is a multi-modal Schrödinger cat state involving a superposition of polaronic and antipolaronic components, leading to considerable mode entanglement. The critical observation is that such superposition of displaced states lowers the energy of the ground state by stabilising the spin energy. For the state (4) the spin tunneling energy
The first two terms reflect an exponentially suppressed renormalized tunneling rate. Indeed, for strong coupling, the displacements f pol. k and f
anti. k are large, and the associated contribution to the spin energy becomes vanishingly small. However, the overlap between the polaron and antipolaron contributions (the third term) will not be suppressed if, as we expect, f
. The development of a small but finite antipolaron weight p thus allows the environment to minimise its displacement energy whilst maintaining significant overlap between the environment-dressed spin states.
Single mode. Before tackling the challenging manymode situation, we develop intuition about the polaron- antipolaron ansatz in the simplest case of a single environmental mode with energy ω 1 and coupling g 1 . This case is easily diagonalised numerically (see also Ref. 24 for an exact solution); note that a similar ansatz for the single-mode Rabi model (without reference to polaron theory) has been previously explored numerically 25, 26 . In Figure 1D we compare the spatial wavefunctions of the oscillator correlated with each spin state with those obtained from the ansatz Eq. (4) following a numerical optimization of p, f pol. 1
, and f anti. 1 to minimise the ground state energy. Choosing oscillator parameters where we expect non-adiabatic response, namely ω 1 < ∆, we find that both wavefunctions clearly show a superposition of polaron and antipolaron contributions, with much larger displacements compared to the prediction of the SH theory (single polaron case p = 0). The agreement of the diagonalised and the two-polaron ansatz ground state wavefunctions is extremely good, as well as the energies and spin observables, even for a coupling strength as large as g = 3ω 1 (see also Supplementary Information). As motivated above, the emergence of an antipolaron component in the environment enhances the overlap of the tunneling states. The single polaron SH state fails in this regard (see Figures 1B and 1D , and Supplementary Information) as it finds itself frustrated between minimizing the elastic energy and maintaining good overlap between the opposite spin states: the resulting displacements are thus totally wrong. Two-mode antipolaron entanglement. Having confirmed the emergence of non-adiabatic antipolaron contributions in the case of a single mode, we now consider the case of a two-mode SBM and, in particular, test our proposal Eq. (4) that the two-mode wave function dressing a given spin state will be entangled. Fig. 2 shows the spin-up component of the two-mode wavefunction as a function of the two independent spatial coordinates of the modes (x 1 and x 2 ) for two modes taken at different frequencies ω 2 = 2ω 1 . The ground state wavefunctions were determined by exact numerical diagonalisation. We see the clear development of an antipolaron component to the wavefunction (Fig. 2B ) for low-energy non-adiabatic modes, in contrast to the situation of high-energy adiabatic modes ( Fig. 2A) . However, we see that only two peaks appear in the wavefunction -those along the diagonal line x 1 = x 2 -indicating unambiguously that this two-mode wavefunction takes the inter-mode entangled form |f
. This can be contrasted with a hypothetical polaron-antipolaron product state |f two-mode ground state is remarkably close to the exact energy.
Multi-mode spin-boson model. We now turn to the more challenging many-mode situation, tackling the continuum spin-boson model (1). A direct diagonalisation of the Hamiltonian is now hopeless; however, recent computational progress has opened the way to calculating ground state averages of arbitrary operators, for instance using the bosonic Numerical Renormalization Group (NRG) 27 , which we will use to test the generalized polaron state (4) . A key feature in the NRG method is the use of a logarithmic discretization of the energy spectrum of the bath, which ensures the stability and convergence of an iterative diagonalization of the impurity model 11 . In order to directly compare with the variational results, we use the same discretization in defining the polaronic ansatz Eq. (4), incorporating the changing measure in ω k into the definitions of the f k .
We focus here on the standard case of ohmic dissipation 5, 6 , although our following results should apply similarly to other types of spectral density. The continuous bath of bosonic excitations assumes then a linear spectrum in frequency, J(ω) = 2αωθ(ω c − ω), up to a high energy cutoff ω c and with dimensionless dissipation strength α. Weakly damped Rabi oscillations of the qubit for α 1 are known to completely fade away in the strong dissipation regime α 0.4, where the qubit becomes strongly entangled with its environment. The bare qubit frequency ∆ is heavily renormalized in this regime to the smaller value ∆ R = ∆(∆e/ω c ) α/(1−α) , for ∆/ω c 1, which can thus be driven to zero for the critical dissipation strength α c 1, indicating a quantum critical point.
As a first step towards understanding the many-mode situation, we consider the variational solution obtained from the two-polaron ansatz (4) (the variational equations are given in the Supplementary Information). This leads to the polaronic and antipolaronic displacements shown in Fig. 3A , which exemplify the physical picture introduced above (see especially Fig. 1 ): polaron and antipolaron states show equal and opposite displacements at low energies (typically for ω k ω c ), but merge together to produce a fully polaronic state at high energy, where the environment responds adiabatically to the spin. The variational theory is thus able, without additional physical input, to generate the correct crossover from non-adiabatic to adiabatic behavior of the antipolaron component with increasing energy.
The presence of the antipolaron component has a large impact on the ground state spin average: Fig. 3B compares the result of the one-and two-polaron variational states to that computed with NRG (numerically exact result, used as a benchmark). In the one-polaron (SH) limit (p = 0), one finds readily
, which incorrectly vanishes at the critical dissipation strength α c = 1 19, 22 . On the other hand, the emergence of antipolaron correlations at low energy, namely f
, helps in maintaining a finite value for σ x , due to the perfect cancellation of the displacements within the exponential in the last term of Eq. (5). This success of the antipolaron ansatz (4) is illustrated in Fig. 3B .
Our objective now is to demonstrate the peculiar inter-mode entanglement properties of the antipolaron ansatz (4). While one cannot plot the complete manybody wavefunction in the case of many environmental 4), showing the emergence of an antipolaron component for low energies, with equal and opposite displacement to the polaron state. The antipolaron state merges smoothly onto the polaron state at high energy as the adiabaticity of the oscillators with respect to tunneling of the spin is recovered (the NRG logarithmic discretisation of the bath spectrum is used here, namely frequency points are evenly spaced on a logarithmic scale; Note that a point at higher energy is associated to a larger energy window of the continuum spectrum, leading to the saturation of f modes, a useful strategy to assess the validity of the trial state (4) lies in recent interest in quantum tomography [28] [29] [30] , wherein the reduced density matrix in a smaller projected Hilbert space is fully characterized. For the problem at hand, we trace out all modes except the qubit degree of freedom together with an arbitrary bath mode with given quantum number k; this defines a spin and kmode excluded environment denoted "env/spin+k". The reduced ground state density matrix in the joint qubit and k-mode subspace reads
We focus here on the off-diagonal part (with respect to the qubit axis of quantization) of the Wigner distribution associated to this density matrix as a function of the classical displacement X. We expect on physical grounds that this component will be most sensitive to the antipolaronic correlations. Its standard definition is
see Methods for the NRG implementation and Supplementary Information for discussion of the spin-diagonal part of the Wigner distribution, which emphasizes instead the polaronic part of the total wavefunction. From the two-polaron trial state (4) and equation (7), it is straightforward to find the form of the Wigner function in the regime of strong dissipation (α > 0.5):
For high energy modes
σ + (X) should show a single peak centered around X = 0, as both polarons adiabatically follow the spin tunneling so that f anti. k becomes close to the polaron displacement f pol. k . For modes of lower energy, antipolaron displacements emerge, and the peak separates into two lobes with displacements
. These simple predictions of the two-polaron variational state are clearly seen in the numerical NRG result in Fig. 4 , strongly supporting the existence of non-adiabatic oscillator states in the environment.
We finally wish to assess more directly the entanglement among the environmental states that is suggested by the antipolaron ansatz Eq. (4). For this purpose, we consider the entanglement entropy S spin+k of the joint spin and k-mode subsystem with respect to the other modes of the bath:
with the reduced density matrix defined in Eq. (6) . We also introduce the spin entanglement entropy
The difference between these two quantities can be computed from the NRG (see Methods) and is plotted as a function of mode frequency in Fig. 5 . For small dissipation, α < 0.5, this entropy difference is mostly negative, as expected from the correlations built into the Silbey-Harris state, which consist only of non-entangled environmental states within each spin-projected component of the wavefunction (see Supplementary Information) . In contrast, at strong dissipation, this entropy difference becomes positive and shows a strikingly large enhancement near the scale ∆ R . The excess entanglement entropy, above that of the spin alone, comes from entanglement within the bath of oscillators. This is a sensitive signature, then, that the spin projected wavefunction is not simply a product of oscillator states as in the SH ansatz but rather involves substantial entanglement. The nature of this entanglement in the simpler two-mode case is explored further in the Supplementary Information. Note especially the large energy window where the entropy peak develops: the excess entanglement spreads from low to high frequency modes due to the massive entangling power of the spin tunneling operator K + discussed above in the polaron basis H of Eq. (1). The existence of inter-mode bosonic correlations on a wide energy range makes also an interesting connection to the underlying (although hidden in the spin-boson model) fermionic Kondo physics 5,31 . In conclusion, we have shown how antipolaron contributions emerge in the ground state wavefunction of the spin-boson model, causing non-classical Schrödinger catlike environmental states. The approach here can be used as a general framework to expand and rationalize manybody wavefunctions in strongly interacting open quantum systems. Experimentally, proposals to realize the raises thus the challenge to measure in such setups the massive entanglement of environment oscillators that was unveiled here. The present work offers several directions for future research, especially the generalization to time-dependent phenomena such as the study of quantum quenches and spin dynamics at strong dissipation, where standard (weak-coupling) Bloch-Redfield theory 7 is known to fail.
Methods
The numerical solution of the few-mode spin-boson Hamiltonian (1) relies on standard diagonalisation procedures. In the case of a continuous bath of oscillators, a different strategy is used. First, logarithmic shell blocking of the bosonic modes onto energy intervals [Λ −n−1 ω c , Λ −n ω c ] with Λ = 2 is performed:
The resulting discrete Hamiltonian, which spans from arbitrarily small energy up to the high energy cutoff ω c , is then iteratively diagonalised according to the Numerical Renormalization Group (NRG) algorithm 11, 27 . The novel part of the simulations performed for this work lies in the computation of the Wigner distribution reduced to the joint spin and single k-mode subspace. In order to implement Eqs. (6-7) , we first define arbitrary moments of the chosen oscillator k of frequency ω k = ω c Λ −n :
with i = 0, x, y, z labelling the Pauli matrices related to the spin projection (we take σ 0 ≡ 1) and m, m positive integers. Such ground state observables are readily computed within the NRG algorithm (for typically 0 ≤ m, m < 10). One can then expand Eq. (7) in a power series in λ andλ, yielding
(12) The Wigner distribution is now solely expressed in terms of the NRG-computable moments A (k) σi;m,m . A similar strategy is used for the computation of the entanglement entropy (9) from the reduced density matrix ρ spin+k , which acts within the subspace spanned by the qubit and a single bosonic mode k. We start by defining the joint spin and Fock projection operator O 
This quantity is a ground state average, hence readily computable by letting the operator O σi,m,m allow one, finally, to obtain the desired entanglement entropy.
A last new piece of our work is the multipolaron generalization of the previous single-polaron trial state 19, 20 ; this is key for capturing easily the emergent nonadiabatic physics at strong dissipation. The variational method is straightforwardly implemented in the fewmode case by minimizing the average Hamiltonian (1) while using the double-polaron ansatz (4). In the many mode case, despite having two sets of unknown functions, f pol. k and f anti. k , labeled by the continuous momentum k, one can show that their form as a function of k is uniquely fixed from the variational principle, leaving a finite set of effective parameters to be determined (see Supplementary Information). One finds that the displacement associated with the first polaron follows qualitatively the standard behavior f 
Supplementary information for "Unveiling environmental entanglement in strongly dissipative qubits"
We present here additional technical details and extra results, supporting the multi-polaronic description of the many-body ground state of the spin-boson model at strong coupling. We first consider the general two-polaron variational formalism for an arbitrary number of modes. The ground state energy and wavefunctions are then investigated for a wide range of parameter in the single-mode (Rabi) model, highlighting the emergence of antipolaron correlations and the possible breakdown of the single-polaron Silbey-Harris ansatz. The two-mode Rabi model is afterwards considered, with the emphasis on entropic issues, which provide interesting signatures of environmental entanglement. The need for additional antipolaronic contributions in the wavefunction is also discussed. Finally, the continuous spin-boson model is further explored, with detailed derivations of the Wigner functions pertaining to the reduced qubit and single mode Hilbert space, as well as extra comparisons between Numerical Renormalization Group simulations and the variational technique.
I. GENERAL TWO-POLARON VARIATIONAL FORMALISM

A. Energetics
We consider the unbiased spin-boson model 1,2 , as defined by the Hamiltonian (1) of the main text:
with tunneling energy ∆, a set of oscillator frequencies ω k , and system-oscillator coupling strengths g k (assumed real). Here, σ z = |↑ ↑| − |↓ ↓|, with spin basis states |↓ and |↑ , and a † k (a k ) is the oscillator creation (annihilation) operator for mode k. Hamiltonian (1) spans the cases of few discrete modes up to a continuum of bosonic fields, in which case the discrete k-sum ought to be replaced by an integral over energy.
Our two-polaron variational ground state ansatz takes the form
where the bosonic part of the wavefunction involves coherent states of the form are taken as free parameters, and will be varied to minimise the total ground state energy E = GS 2pol. H GS 2pol. . In contrast to the usual Silbey-Harris state (for which p 2 = 0) 3-5 , this more flexible ansatz allows for the possibility of a superposition of variationally determined displaced oscillator states associated with each spin projection.
Normalisation of GS 2pol. implies the condition
while the variational ground state energy is given by
In the limit that p 2 → 0 (and so p 1 → 1/ √ 2) we recover the Silbey-Harris variational ground state energy,
while further setting α k = g k /(2ω k ) in Eq. (6) gives the (non-variationally optimal) bare polaron ground state energy
Going back to the two-polaron variational state of Eq. (2), we find that the ground state coherence is given by
while the magnetisation σ z = 0 by symmetry in absence of magnetic field along σ z (unless one enters the polarized phase at α > 1 in the ohmic spin-boson model).
B. Variational displacements
The two sets of displacements f 
which is valid for an arbitrary number of oscillator modes. Hence the generic k-dependence of the displacement is fully constrained by the variational principle, which leaves a finite set of effective parameters to be determined self-consistently according to:
The one-polaron Silbey-Harris displacement f
is trivially recovered from Eq. (9) by letting p 2 = 0. One can also check that f
for k → 0 in the limit of strong dissipation. Thus the antipolaron displacement satisfies the expected adiabatic/non-adiabatic crossover as a function of energy ω k , and this physical picture is naturally incorporated in the variational theory.
II. SINGLE-MODE RABI MODEL: CHECKING THE WAVEFUNCTION
It is illustrative to consider the simplified case of a single-mode within the environment, namely the Rabi model (see Ref. 6 and references therein). In this situation, the model Hamiltonian may be diagonalised straightforwardly (numerically) and so the regimes of validity of our polaron-antipolaron ansatz, as well as of the Silbey-Harris and non-optimal bare polaron states, may be assessed. The Hamiltonian now becomes
with ground-state ansatz
where |±f 1 = e ±f1(a † 1 −a1) |0 . To optimise the state, we minimise the variational ground state energy E = GS 2pol. 1
numerically, subject to the normalisation constraint 2p
The Silbey-Harris state is again obtained by letting p 2 → 0, such that
and there is only a single displaced oscillator associated with each spin. Minimisation of
, leads to a self-consistent equation for the optimised displacement, f
The non-optimal bare polaron state has the same form as Eq. (20), but with the displacement fixed at f 1 = g/(2ω 1 ).
In Fig. 1 we plot the dimensionless ground state energy E/ω 1 determined from our polaron-antipolaron variational ansatz as a function of the dimensionless spin-oscillator coupling strength g/ω 1 , and compare with the results from an exact numerical diagonalisation of the model, and from Silbey-Harris and polaron theories (Eqs. (6) and (7) in the single mode case, respectively). In this figure, ∆/ω 1 ≥ 1 for all plots, and so we would expect standard polaron theory to break down in this regime, since the full oscillator displacement is no longer appropriate. From the dashed curves, this can indeed be seen to be the case, and polaron theory may even predict the incorrect trend as g/ω 1 increases. Silbey-Harris theory fixes this problem to a certain extent (at least at small g/ω 1 , see dashed-dotted curves), though again runs into problems as the coupling strength increases, deviating from the numerically-exact results, and even more worryingly predicting discontinuous behaviour in the ground-state energy at certain values of g/ω 1 . Our polaronantipolaron variational ansatz, however, predicts ground-state energies in almost perfect agreement with the numerical , from the Silbey-Harris ground state (dashed-dotted curves), and from a numerical diagonalisation of the full Hamiltonian (points). We take ∆/ω 1 = 4 here as a representative example. For g/ω 1 ∼ 1, the displacement from x = 0 is found to be fairly small, |f | < g/(2ω 1 ), which is why the full polaron approach fails, see Fig. 1 ). The correct displacements can be captured by the Silbey-Harris theory and as well by the more flexible two-polaron ansatz presented in Eq. (19) . However, as the coupling strength increases further, we can see that the double displacement nature of the oscillator states starts to become extremely important. For example, at g/ω 1 = 3 we observe that the Silbey-Harris state is completely unable to reproduce the correct oscillator wavefunctions, due to the restriction to a single displacement associated with each spin state. In fact, for these parameters, the displacements obtained by the Silbey-Harris approach are much too small, and reproduce none of displacements seen in our polaron-antipolaron ansatz, which itself matches the numerical solution very well. Finally, as the coupling strength is increased further, the Silbey-Harris displacements eventually "jump" to those of the full polaron transformation, which then captures the dominant displacements in the exact states quite well (see the g/ω 1 = 4 plot ), but of course completely misses the smaller displacements in the opposite direction, which are still captured extremely well by our ansatz. Hence, the obtained ground state energy is still lower in our ansatz (and in the numerical diagonalisation) than from the SilbeyHarris state. The theories will eventually converge at larger coupling, however, when associating a single (polaron) displacement with each spin state finally becomes a good description.
III. TWO-MODE RABI MODEL: ENTANGLEMENT ENTROPY
In order to understand the non-monotoic behaviour of the joint spin-mode entropy S Spin+k results presented for the continuum environment in Fig. 5 of the main text, we consider in this appendix the entanglement between modes in the environment for the simpler case of a two-mode environment. The Hamiltonian for this case, the same used to generate the two-mode results in the main text, is given by
For this two-mode environment the ground state can be found by exact diagonalisation (ED) techniques, allowing a comparison to be made with the predictions of our anti-polaron ansatz. Figure 3A shows results for S Spin+1 (we trace over mode 2) as a function of ω 1 for ground state obtained by ED and three variational ansätze: Silbey-Harris (onepolaron), two-polaron, and three-polaron (to be discussed below) trial states. In all cases, a fixed relative detuning of the modes and ratio of coupling to frequency was kept, with ω 2 = 1.05ω 1 , g 1 = g 2 = 2.5ω 1 . For large frequencies ω 1 ∆ R , where we expect adiabatic polaron theory to describe the state, the product state (unentangled) form of the wave functions of oscillators 1 and 2 in the spin-projected states is expected to lead S Spin+1 to be controlled only by the polaronic correlations between mode 2 and the spin. This is determined by the renormalisation scale ∆ R , which is a function of only the ratio g 2 /ω 2 . As this is held fixed in these simulations, we expect S Spin+1 to approach a constant value at high frequency. This behaviour is indeed observed on all curves in Fig. 3A , with the relative strong coupling (g 2 /ω 2 = 2.5) leading to an almost fully-mixed spin state. According to Silbey-Harris theory, which has the same wave function structure as the adiabatic polaron theory but with different displacements, oscillators with frequencies well below ∆ R should have suppressed displacements. Consequently, the renormalisation of the spin tunneling by slow modes should be continuously suppressed, leading to reduction of S Spin+1 as ω 1 → 0. This behaviour is precisely what is observed for the Silbey-Harris results in Fig. 3A , with S Spin+1 decreasing monotonically with decreasing frequency (though with a sharp suppression below the spin-tunneling frequency scale). Using usual coherent state algebra, we readily obtain the required overlaps: 
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Note that the second term in Eq. (31) provides only a small correction to the first contribution, a feature which follows from (i) p 2 1 and (ii) the overlap appearing in this second contribution can be approximated as e ∆ R /∆ 1 (for α 0.5) because the antipolaron is equal and opposite to the polaron at low energy. Similarly, the third term in Eq. (31), which would peak at the antipolaron displacement, is of order p 2 2 1, and so also provides a tiny contribution. Thus, the |↑ -projected Wigner function is dominated by the purely polaronic contribution, as we indeed demonstrate by the impressive agreement with the numerically exact NRG computation of W In order to highlight the emergence of antipolaronic contributions in the wavefunction, we now insert the off-diagonal σ + Pauli matrix, which leads to the equivalent expression as defined in Eq. (7) of the main text:
π 2 e X(λ−λ) GS e λa † k −λa k σ + GS .
We thus need to compute 
A computation similar to performed above leads to the final result: 
The above expression shows important differences from the |↑ -projected Wigner distribution of Eq. (31). Indeed, the first term associated with the purely polaronic response is now of order e σ + (X) can be used to highlight the emergence of antipolarons in the many-body ground state wavefunction of the continuous spin-boson model, as was also discussed in the main text.
